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A Level Further Maths Essential Knowledge and Skills
Welcome to Godalming College Further Maths!

These questions are designed to help you bridge the gap between GCSE Maths and A Level
Further Maths, so you can feel really confident when starting the course.

You must complete the exercises on A4 lined paper, you will need to bring them to your first
Maths lesson in September. You should include all workings and you must check your
answers (on page 15), and write down your score.

We have picked out 18 skills that we think are key to being ready to start A Level Maths. The first
12 are topics you met at GCSE, so will not be re-taught in your A Level lessons. There will be a
test on these topics in the first week of the course.

As you go through the questions, please tick the relevant boxes in the table so that you can
assess your confidence with these important skills:

Means you are very confident with this topic; you got the questions correct

Means this topic made you think — you may have had to go back to your GCSE notes
and revise it, but you got there in the end

. Means you find this topic hard, and you will need to ask for help

Topic Score .

A. Expanding brackets and /3
simplifying expressions

B. Surds and rationalising the /8
denominator

C. Rules of indices 127

D. Factorising Expressions /14

E. Completing the square /10

F. Solving quadratic equations /13

G. Solving linear simultaneous /7
equations

H. Linearinequalities /5

I. Straight line graphs /7

J. Pythagoras’ Theorem /4

K. Trigonometry /18

L. Rearranging equations /14
TOTAL /130




"R Godalming
¥ College

Additional Topics

In addition there are 6 topics that will be re-taught but at speed so it is essential that you review
these as well.

Topic Score . .

M. Sketching Quadratics /4

N. Solving linear and quadratic

. . /6
simultaneous equations

O. Quadratic Inequalities /4

P. Sketching Cubic and

Reciprocal Graphs 7
Q. Graph Transformations /9
R. Parallel and Perpendicular

. /16

Lines

TOTAL /56
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What you can do if you get stuck

e Have a look at the worked examples at the end of this document (starting on Page 25)
e Lookback atyour GCSE notes or use a GCSE textbook or revision guide.

e There are lots of useful videos on websites such as:
o TLMaths - GCSE to A-Level Maths Bridging the Gap
o Freevideos to assist the transition from GCSE to A level Maths | Pearson UK
o A Level Prep with Mr Hegarty - YouTube

e You could enrol yourself on the Transition to A Level course: Integral (integralmaths.org)

(this is quite lengthy but lots of good help on here).

e |f you know others who are planning to study maths at Godalming you could chat to
them and work through problems together.


https://www.tlmaths.com/home/gcse-to-a-level-maths-bridging-the-gap
https://www.pearson.com/en-gb/schools/subject-resources/mathematics/unrivalled-support/support-from-pearson/gcse-maths-transition-to-a-level.html
https://www.youtube.com/playlist?list=PLxHVbxhSvleR5tntP2FxYBJCoY5-pD_Z8
https://my.integralmaths.org/integral/self_reg/self_reg_students.php
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Essential Skills

A
1)
2)

Expanding brackets and simplifying expressions (no calculator)
Expand and simplify (x + 3)* + (x - 4)?
Expand and simplify.

) (++1]
X+— || x—— X+—
(a) * X (b) *

(8 marks)

Surds (no calculator)

Rationalise the denominator and simplify, if possible.

1 (b) = ©

5 N

Rationalise and simplify.

1

6
35 PR
Expand and simplify (\/;+\/;)(\/;—\/;)

Rationalise and simplify, if possible.
1 (b) 1
NCENG N

(8 marks)

Rules of Indices (no calculator)

Evaluate.

1 2 1
3

4 2 (b) 27 () 9 2x2°

1 2

1 _— _—

164 x27 © (9) ’ (2—7j ’
64

(f

~

16

Write the following as a single power of x.

z
o] =
S
P

(c)

%=
=

n

=
)

©

)
S}

1
—_— f
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3) Write the following without negative or fractional powers.
(@ x7° (b) X () x°

(d) x? © x 2 (f) x 4

4) Write the following in the form ax”.

2 1
a 5\/; b — c —
(a) (b) 3 (c) i
2 4
(d — © = f) 3
Jx Ix
5) Write as sums of powers of x.
5
@ (6) xz[ﬁlj (© x“(x“%j
X X x
(27 marks)
D Factorising Expressions (no calculator)
1) Factorise
(a) 36x%-49y? (b)  4x*-81y? (c) 18a*-200b%c?
2) Factorise
(@) 2x*+x-3 (b) 2x*+7x+3 () 10x*+21x+9
3) Simplify the algebraic fractions.
2x% +4x x* —2x-8 x*—x-12
@ — b)  ——— © Q=
X" —x x° —4x x —4x
4) Simplify
9x* —16 4-25x> 6x” —x—1
— () © 5
3x"+17x-28 10x" -11x—-6 2x°+7x—4
2)* 2)*
5)  Simplify vx* +10x +25 6) Simplify &2 ;32“ )
x f—
(14 marks)
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E
1)

2)

3)

1)

2)

3)

4)

5)

Completing the Square (no calculator)

Write the following quadratic expressions in the form (x + p)*+ g

(a) x*+4x+3 (b) x*-8x (c)

X2-2x+7

Write the following quadratic expressions in the form p(x + g)? +r

(@) 2x*-8x-16 (b) 3x*+12x-9 (c)
Complete the square.

(a) 2x*+3x+6 (b)  5x*+3x (c)
Write 25x*+30x+12 intheform (ax+b)*+c.

Solving Quadratics (no calculator)

Solve by factorising

(a) 6x*+4x=0 (b) x*+7x+10=0 (c)
Solve
(a) x*-3x=10 (b)  x(x+2)=2x+25 (c)

Solve by completing the square.
(a) x*-4x-3=0 (b) x*+8x-5=0 (c)
Use the quadratic formula to solve 10x*> +3x+3=5

Give your solution in surd form.

2x*+6x-8

3x?+5x+3

(10 Marks)

3x*-13x-10=0

Ax(x-1)=2(x+1)

2x*+8x-5=0

Choose an appropriate method to solve each quadratic equation, giving your answer in

surd form when necessary.

(a) 4x(x-1)=3x-2 (b) 10=(x+1)? (c)

X(3x-1)=10

(13 marks)
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G Solving Simultaneous Equations (no calculator)
1) Solve these simultaneous equations.
(@) 2x+y=11 (b) 2x+3y=11
x=3y=9 3x+2y=4

2) Solve these simultaneous equations using substitution.

(@) y=x-4 (b) y=2x-3
2x+ 5y =43 5x-3y=11
© 3x=y-1 (d) 3x+2y+1=0
2y—-2x=3 4y=8-x
3 —
2) Solve the simultaneous equations 3x+5y-20=0and 2(x+ y) = % .
(7 marks)
H Solving Linear Inequalities (no calculator)
1) Solve these inequalities.
(@) 3t+1<t+6 (b) 2(3n-1)=zn+5
2) Solve the following inequalities
(a)3(2-x)>2(4-x)+4 (b) 5(4-x)>3(5-x)+2
3) Find the set of values of x for which2x+1>11and 4x-2> 16 - 2x.
(5 marks)

| Straight Line Graphs (no calculator)

1) Find, in the form ax + by + ¢ = 0 where a, b and c are integers, an equation for each of the
lines with the following gradients and y-intercepts.

(a) gradient —%, y-intercept -7 (b) gradient-1.2, y-intercept-2
2) Write an equation for the line which passes though the point (2, 5) and has gradient 4.

3) Write an equation for the line which passes through the point (6, 3) and has gradient —%

4) Write an equation for the line passing through each of the following pairs of points.
(a) (4,3), (10,17) (b) (3,10), (4,7)

5) Theequationofalineis2y+3x-6=0.
Write as much information as possible about this line.

(7 marks)
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J. Pythagoras’ Theorem (calculator allowed)
1) Findthe length of the missing sides
84 mn
‘1:
O
.1‘

2) Avyachtis 40 km due North of a lighthouse. Arescue boatis 50 km due East of the same
lighthouse. Work out the distance between the yacht and the rescue boat.
Give your answer correct to 3 significant figures.

3) Points A and B are shown on the diagram. Work out the length of the line AB.
Give your answer in surd form.

y
F 3
% B(A.7)
B C
x A(1. 1) I
0 - T =
T~
1 ~4
4) A cube has length 4 cm. Fp——-=2g
Work out the length of the diagonal AG. e
E 4ecm H
(4 marks)

K. Trigonometry (calculator allowed)

1)  Work out the height of the isosceles triangle.

Give your answer correct to 3 significant figures. = G
8cem

2) Calculate the size of angle 6.

Give your answer correct to 1 decimal place.
3) Use the cosine rule to work out the length of the unknown side in each triangle.
Give your answers correct to 3 significant figures.
(a) (b)
w 10cm 14 cm
152
b 5cm
Tcm a
4) Use the cosine rule to calculate the angles labelled 6 in each triangle.
Give your answer correct to 1 decimal place.
(a) 9cm (b)
a
5cm 33mm
N 38 mm
8

36 mm
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5)

7)

8)

9)

10)

(a) Work out the length of WY.
Give your answer correct to
3 significant figures.

(b) Work out the size of angle WXY.
Give your answer correct to
1 decimal place.

Use the sine rule to find the length of the unknown side in each triangle.

Give your answers correct to 3 significant figures.

(a) (b)

Calculate the angles labelled 6 in each triangle.
Give your answer correct to 1 decimal place.

(a) h (b)

T4 cm

V

(a) Work out the length of QS.
Give your answer correct to 3 significant figures.

(b) Work out the size of angle RQS.

Work out the area of each triangle.
Give your answers correct to 3 significant figures.

(a) (b)

T5em

ﬁ 8cm

The area of triangle XYZ is 13.3 cm?.
Work out the length of XZ.

(Lo .

58cm

b
10cm
105° 40°

8 cm

10 cm

5.5cm

7.5cm
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11) The area of triangle ABC is 86.7 cm?.

L.

2)

3)

4)
5)

10

Work out the length of BC.
Give your answer correct to 3 significant figures.

16.5cm C
(18 marks)
Rearranging Equations (no calculator)
Change the subject of each formula to the letter given in the brackets.
S 1

(a) C=mnd [d] (b) D=? [ (c) u=at—5t [t]

-7x 7-2 2a -1
@ === (o) x=S— I[d] () e@+x)=2e+1 [e]

2 3 3-a
Make r the subject of the following formulae.

4 5 2,

(a) A=rmr? (b) Vz;;rr () P=mr+2r (d) V:§7zr h

. . a b
Make sin B the subject of the formula — =—

sind sinB
Make cos B the subject of the formula b? = g% + ¢ - 2ac cos B.
Make x the subject of the following equations.
(a) £(sx+z‘)=x—1 (b) £(ax+2y)=3—12)(x—y)
q q q
(14 marks)
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Additional Topics

These 6 topics are ones that we will go through very quickly in lessons so you will
need to review these before the course starts.

M
1)

N

Sketching Quadratics (no calculator)

Sketch each graph. Label where the curve crosses the axes and write down the coordinates
of the turning point.

(a) y=x*-5x+6 (b) y=-x*>+7x-12 () y=-x*+4x

Sketch the graph of y = x> + 2x + 1. Label where the curve crosses the axes and write down
the equation of the line of symmetry.

(4 marks)

Solving Linear and Quadratic Simultaneous Equations (no calculator)

Solve these simultaneous equations, giving your answer in surd form where appropriate.

1)

3)

5)

1)
2)
3)
4)

11

y=2x+1 2) y=6-x
x> +y*=10 x> +y?>=20
y=3x-5 4) y=x-5
y=x*-2x+1 y=x>-5x-12
y=2x 6) x-y=1
X +y*=3 X2 +xy=3
(6 marks)
Quadratic Inequalities (no calculator)
Find the set of values of x for which x> - 4x-1220
Find the set of values of x for which 2x2-7x + 3 <0
x(2x-9)<-10
6x?215+x
(4 marks)



AR Godalming
¥ College
P
1) Here are six equations.
5
A y=—
X
D y=1-3¢-x°
Here are six graphs.
I
y
normal
tangent
/ o
iv v
\0
a)
b)
2) Sketch the following graphs
a) y=2x°
c) y=(x-3)>(x+1)
3
e) y=-—
X
9 y-—
4 x+2

12

Sketching Cubics and Reciprocal Graphs (no calculator)

=¥

y=x*+3x-10

y=x>-3x*-1

C

F

Match each graph to its equation.

y=x%+3x

xX+y=5

Hint

Find where each of
the cubic equations
cross the y-axis.

tangent \\

v

}éﬂ
normal

vi

/
/

S
..--"""/
=Y

Copy the graphsiii, iv and vi and draw the tangent and normal each at point P.

y=x(x-2)(x+2)

y=(x-1)>x
2
y: ——
X
1
Y x—1

-2)

(17 marks)
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Q.

1)

3)

4)

13

Graph Transformations

The graph shows the function y = f(x).

Copy the graph and on the same axes sketch
and label the graphs of y = f(x) + 4 and
y=f(x+2).

The graph shows the function y = f(x) and two
transformations of y = f(x), labelled C; and C..
Write down the equations of the translated y = f(x) He-
curves Cq and C;in function form. '

2]

270° -180° —%0° O\ 90z jéo° 270°%

The graph shows the function y = f(x). i

(a) Copythe graph and on the same axes
sketch and label the graph of y = 3f(x). 2

y = flx)

(b) Make another copy of the graph and on - ‘ A
the same axes sketch and label the
graph of y = f(2x).

The graph shows the function y = f(x).
Copy the graph and, on the same axes, y F )
sketch the graph of y = —(2x). 0

WY

—

(a) Sketch and label the graph of y = f(x), where f(x) = (x = 1)(x + 1).
(b) Onthe same axes, sketch and label the graphs of y = f(x) -2 and y = f(x + 2).
(a) Sketch and label the graph of y = f(x), where f(x) = —(x + 1)(x - 2).

(b) Onthe same axes, sketch and label the graph of y = f(—%x).

(9 marks)
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R. Parallel and Perpendicular Lines
1) Find the equation of the line parallel to each of the given lines and which passes through
each of the given points.
(a) y=3x+1 (3,2) (b) 2x+4y+3=0 (6,-3)
2) Findthe equation of the line perpendicularto y = %x— 3 which passes Hint
through the point (-5, 3). Ifm= % then the negative
. 1 b
reciprocal ——=——
3) Findthe equation of the line perpendicular to each of the given lines and moa
which passes through each of the given points.
(a) y=2x-6 (4,0) (b) x-4y-4=0 (5,15)
4) Ineach case find an equation for the line passing through the origin which is also
perpendicular to the line joining the two points given.
(a) (4: 3): (_2: _9) (b) (O’ 3)’ (_1 0’ 8)
5) Work out whether these pairs of lines are parallel, perpendicular or neither.
(a) y=2x+3 (b) y=3x () y=4x-3
y=2x-7 2x+y-3=0 dy+x=2
(d) 3x-y+5=0 (e) 2x+5y-1=0 (f) 2Xx-y=6
x+3y=1 y=2x+7 6x-3y+3=0
6) The straight line L, passes through the points A and B with coordinates (-4, 4) and (2, 1),

14

respectively.

(a) Findthe equation of Lyinthe formax+by+c=0

The line L, is parallel to the line Ly and passes through the point C with coordinates (-8, 3).

(b) Find the equation of Lointhe formax+by+c=0

The line L is perpendicular to the line Ly and passes through the origin.
(c) Find an equation of L3

(16 marks)
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Answers - Essential Skills

A 1) 2x*-2x+25
B 1)a)£
5
3+\£
2
) (a) 2
3)x-y

5)(a) x* +x°

15

2) (a) xz—l—i2 (b) x2+2+i2
X
247 3
(b) 27 (c) \E]
7 3
(5) 6(5+~/2)
23
Jx+y
(b)
x—y
1 8
9 @3
4 16
= f b
3 ) 9
1
x7 (c) x4
B 2
x 3 (f) x 3
1 ¢  Ux
1 1
— f
NG 0 =
2x73 (c) Ly
3
B
4x 3 f)  3x°
X +x (c) X2 +x
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D 1)(a)(6x-7y)(6x+7y) (b)  (2x-9y)(2x + 9y) (c) 2(3a-10bc)(3a +10bc)
2) (a) (x=1)(2x +3) (b)  (2x+1)(x+3) ()  (5x+3)(2x+3)
3) (a) 2(x+2) (b) x+2 (©) x+3
x—1 X X
3x+4 2-5x 3x+1
4 () x+7 (b) 2x-3 (©) x+4
5) (x+5) 6) 4(x+2)
x-=2
E 1)(a)(x+2)2-1 (b) (x-4)*>-16 (c) (x-1)%*+6
2
2)(a)2(x-2)*-24 (b) 3(x+2)2-21 (c) 2(x+%j —2—25
2 2 2
3)a) 2(x+§j +£ (b) 5(x+i) 2 (c) 3(x+§j 1
4 8 10 20 6 12
4) (5x+3)*+3
F 1)(a)x=00rx=—§ (b) x=-5o0rx=-2 (c) x=—§ orx=5
2)(a)x=-20rx=5 (b) x=-8orx=3 (c) «x= —% orx=2
3)a)x=2+~Torx=2-/7 (b) x=—4+\/ﬁorx=—4—\/§
(c) x=-2+ \/@ orx=-2- \/E
~3++/89 ~3-+/89
4) x= orx=
20 20
5)(a)x = 7+g/ﬁ orx= 7_g/ﬁ (b)x=—1+\/ﬁorx=—1—\/ﬁ
(c) x=—‘|§ orx=2
G 1)a)x=6,y=-1 (b) x=-2,y=5
2)(a)x=9,y=5 (b) x=-2,y=-7
_ 1 .3 _ _ Al
(©x=_.y=17 (d) x=-2,y=2-
3) x=-21,y=5l

16
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5 7
H 1)a)t< = b n= -
)(a) 5 (b) .
3
2)(a) x<-6 (b) X<E
3) x>5(which also satisfies x > 3)
1)(@)x+2y+14=0 (b) 6x+5y+10=0
2) y=4x-3
3) y=-Ix+7
4)(a)y=2x-3 (b) y=-3x+19

3 3
5 y= —Ex +3, the gradient is _E and the y-interceptis 3.
The line intercepts the axes at (0, 3) and (2, 0).

Students may sketch the line or give coordinates that lie on the line such as [1, %j or

(4,-3).

J 1) 422 mm
2) 64.0km

3) 3\/5 units
4) 4\/5 cm

2) 20.4°

3)(a) 6.46 cm (b) 9.26cm
4)(a) 22.2° (b) 52.9°
5)(a 13.7 cm (b)  76.0°
6)(a) 4.33cm (b) 15.0cm
7)(a) 42.8° (b) 52.8°
8)(a) 8.13 cm (b) 32.3°
9)(a) 18.1 cm? (b) 18.7cm?
10) 5.10cm

11) 15.3cm

17
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18

T:E (c) t=
D 2a -1
:3x+1 0 o=
x+2 x+7

ooy +2pqy  y(3+29)

3p—apq 3—-aq

/ 3V
(d) r=
2rzh
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Answers - Additional Topics

M 1)a) (b) (c)
y .
U4 ET ) U A (
2, 4)
6 /N
0 3 Y
0 £
(21, -3
2)
Ua
J
_I-'l 0 ;x
Line of symmetry at x =-1.
N1) x=1,y=3 2) x=2,y=4
9 13
X=——, yp=—— x=4,y=2
5 5 Y
3) x=3,y=4 4) x=7,y=2
x=2,y=1 x=-1,y=-6
5) x=-2,y=-4 6) x=1tb oS
2 2
x=2,y=4 x=1_zﬁ,y= _1_26

19
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0o 1) Xs<-2o0rx=6 2) —<x<3
1
3)  2<x<2— 4) xs—3 orxzé
2 2 3
P1)a) i-C i—E iii-B
iv—A v-F vi-D
b) ii YA iv YA
/ normal
> N P
0 z X i
angen >
(0] X
/ P / tangent
normal
vi ys
PAAN =
), O
tangent P
normal
2)(a) U b) y /
0 X 2 O ) x
c) v d ¥
9
/\ 0/5*-”2 ‘x

20
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ng

U
0 ;x
g)
Yy
s
112
\
-39 -10 x
\ _1
Q 1) Ya
y=1fx) +4
=f(x + 2
e y =)
—4 X
(-2, -2 /
3(a)
;
PN
ATy =7
9| _4

21

f) yA
o =x
h)
J |
“}R\f 2 =
Ci:y=1(x-90°)
Cry=fx)-2
(b)
ok
y = T(2x)
y = f(x)
— 2
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4)
g
N XN T
b Y=o
5) (6)
Ui
y="fx+2) y = flx)
I'F
\VA/ AN
- N 4y 2 /)19 ? 4
y =1fl) -2 /},/ / B \{\\y = f(f 2x
R 1)(a)y=3x-7 (b) y=—%x
2) y=-2x-7
3)(a)y=-Lx+2 (b) y=-4x+35
4)(a)y == x (b) y=2x
5)(a) Parallel (b)  Neither (c) Perpendicular
(d) Perpendicular (e) Neither (f) Parallel
6)(a)x+2y-4=0 (b) x+2y+2=0 (c) y=2x

22
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Examples:

A. Expanding brackets
and simplifying expressions

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and
surds

Key points

o  Whenyou expand one set of brackets you must multiply everything inside the bracket by
what is outside.

o Whenyou expand two linear expressions, each with two terms of the form ax + b, where
a#0andb # 0, you create four terms. Two of these can usually be simplified by
collecting like terms.

Examples
Example 1  Expand 4(3x —2)

4B3x—-2)=12x-38 Multiply everything inside the bracket
by the 4 outside the bracket

Example 2 Expand and simplify 3(x + 5) — 4(2x + 3)

3x+5)—4(2x+3) 1 Expand each set of brackets
=3x+15—8x—_ 12 separately by multiplying (x + 5) by
3and (2x +3) by 4

=3-5x 2 Simplify by collecting like terms:
3x —8x=-5xand 15— 12=3

Example 3  Expand and simplify (x + 3)(x + 2)

(x+3)(x+2) 1 Expand the brackets by multiplying
=x(x+2)+3(x+2) (x+2)byxand (x+2)by3
=x>+2x+3x+6
—2+5x+6 2 Simplify by collecting like terms:

2x +3x =5x

Example 4  Expand and simplify (x — 5)(2x + 3)

x—=502x+3) 1 Expand the brackets by multiplying
=x(2x +3) — 5(2x + 3) (2x +3) by x and (2x + 3) by =5
=2x*+3x—10x— 15
=22 —7x—15 2 Simplify by collecting like terms:
3x—10x=—7x

23
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B. Surds and rationalising the
denominator

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and
surds

Key points

e Asurdis the square root of a number that is not a square number,

for example \/E, \/g, \/g, etc.

e Surds can be used to give the exact value for an answer.

o Jab=axb
b~ b

e Torationalise the denominator means to remove the surd from the denominator of a
fraction.

a
e To rationalise —= you multiply the numerator and denominator by the surd Jb

N
b++c

e Torationalise you multiply the numerator and denominator by b—c

Examples

Example 1  Simplify /50

J50 =/25%2 1 Choose two numbers that are
factors of 50. One of the factors

must be a square number

=J25x/2 2 Use the rule \ab =Ja x~/b
—5x+/2 3 Use +/25=5
N

Example2  Simplify 147 — 12

24
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Example 4

J147 - 2412 1 Simplify +/147 and 2+/12 . Choose
_ 20vr _».[Aor two numbers that are factors of 147
=VA9x3 =243 and two numbers that are factors of
12. One of each pair of factors must
be a square number
:\/Ex\/g—Z\/Zx\/g 2 Use the rule \/sz/Zx\/Z
=7x\/§—2><2><\/§ 3 Use \/E=7 and J4 =2
=73 -43
~33 4 Collect like terms
Example3  Simplify (\ﬁ + \/E)(\ﬁ - \/5)
1 E d the brackets. A
(\/74_\/5)(\/7_\/5) xpand the brackets comn;on
_ @—ﬁﬁ+ﬁﬁ—ﬁ mistake here is to write (\/7) =49
=7_2 2 Collect like terms:
= NN
=72 +7V2=0
Rationalise L
NG
11 % ﬁ 1 Multiply the numerator and
3 3B denominator by NE)
1x+/3
= i/\gf/i 2 Use 79 =3
_3
3

Example 5

25

Rationalise and simplify N2

Ji2
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i _ 2

)

Jizo iz iz
V2 x\J4x3

\9)

12

_ 2243

343
5

Multiply the numerator and
denominator by J12

Simplify J12 in the numerator.
Choose two numbers that are factors
of 12. One of the factors must be a
square number

Use the rule \/% = \/Zx\/g

Use \/222

Simplify the fraction:

2 simplifies to 1
12
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Example 6 Rationalise and simplify

3
2+\/§

3 _ 3 y 245 1 Multiply the numerator and
2445 245 2-45 denominator by 2-4/5
3(2-45)
B (2 + \/g ) (2 — \/g ) 2 Expand the brackets

6-3/5

B 442J5-25-5 3 Simplify the fraction

6-3/5
-1 4 Divide the numerator by —1

Remember to change the sign of all
_6 terms when dividing by —1

B

-3

C. Rules of indices

A LEVEL LINKS
Scheme of work: 1a. Algebraic expressions — basic algebraic manipulation, indices and

surds
Key points

° amx gh=gm*n
aﬂl e

[ ] =a
an

° (am)n =gmn

o a°=1

o q'= 4/; i.e. the nth root of a

m

— m
e g"=4Va" =(\"/a)

The square root of a number produces two solutions, e.g. \/E =14,

Examples

Example 1  Evaluate 10°

27
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Example 2

Example 3

Example 4

Example 5

10°=1

Any value raised to the power of zero is

equal to 1

1

Evaluate 92

N[ =

9

Ng)
3

1

Use the rule a" = 4/5

2
Evaluate 277

2 2 mn m
273=(327) 1 Usetherule a” = ”a)
32 2 Use327=3
9
Evaluate 47°
-2 l -m
4 =— 1 Usetherule a ™ =
4 a”
- 1 2 Use 4> =16
16
6x°
Simplify —
Py 2x*
6 5 m
iz =33 6+ 2 =3 and use the rule *— = ¢"™"
2x a”
xS
give — = X =x
X

3 5
X XX

Example 6 Simplify 2
X

Example 7

28

n

5 345 8
rxx _x X 1 Usetherule a” xa" =a™*
x* xooxt
am
=8 4=y 2 Usetherule —= a™™"
a

o1 .
Write — as a single power of x
X
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—==x Use the rule — =4a™", note that the
3x 3 a”
fraction % remains unchanged
. 4 .
Example 8 Write T as a single power of x
X
4 4 !
T:T 1 Usetherule a” =%/a
X x?
1 1
=4y 2 2 Use the rule — = a”
a

D. Factorising expressions

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions —factorising, solving, graphs and the

discriminants

Key points

e Factorising an expression is the opposite of expanding the brackets.
e A quadratic expression is in the form ax®+ bx + ¢, where g # 0.
e To factorise a quadratic equation find two numbers whose sum is b and whose product

is ac.

e Anexpression in the form x?—y? is called the difference of two squares. It factorises to

X=Y)x+y).

Examples

Example 1

Example 2

29

Factorise 15x%° + 9x%y

15x%3 + 9x%y = 3x%(5)% + 3x?)

The highest common factor is 3x%y.
So take 3x%y outside the brackets and
then divide each term by 3x?y to find
the terms in the brackets

Factorise 4x> — 25y?
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4x? - 25y = (2x + 5y)(2x — 5y)

This is the difference of two squares as
the two terms can be written as
(2x)*and (5y)°

Example 3 Factorise x> + 3x — 10

b=3,ac=-10

Sox>+3x—10=x>+5x—-2x—10
=x(x+5)—-2(x+5)

=(x+5)(x-2)

1 Work out the two factors of
ac =—10 which add to give b =3
(5 and —-2)

2 Rewrite the b term (3x) using these
two factors

3 Factorise the first two terms and the
last two terms

4 (x+5)is a factor of both terms

Example 4 Factorise 6x* - 11x - 10

b=-11,ac=-60

So
6x2—11x—10=6x>—15x + 4x— 10

=3x(2x —5)+2(2x —5)

= (2x-5)(3x+2)

1 Work out the two factors of
ac =—60 which add to give b =—11
(—15and 4)

2 Rewrite the b term (—11x) using
these two factors

3 Factorise the first two terms and the
last two terms

4 (2x —5) s a factor of both terms

2
x —4x-21
Example 5 Simplify ————
P P o ox+9
¥ —4x-21 1 Factorise the numerator and the
S - denominator
2x"+9x+9

For the numerator:
b=-4,ac=-21

So
X2 —4x-21=x>*—Tx+3x-21

=x(x—7)+3(x—7)

=x-Tkx+3)
For the denominator:
b=9,ac=18
So

22+ 9x+9=2x>+6x+3x+9

2 Work out the two factors of
ac =—21 which add to give b =—4
(=7 and 3)

3 Rewrite the b term (—4x) using these
two factors

4 Factorise the first two terms and the
last two terms

5 (x—7)is a factor of both terms

6 Work out the two factors of
ac = 18 which add to give b =9
(6 and 3)

30
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=2x(x +3) + 3(x + 3)

=(x+3)2x+3)
So
X' —4x-21_ (x=T7)(x+3)
20 +9x+9  (x+3)(2x+3)

o ox=7

C 2x+3

7 Rewrite the b term (9x) using these

two factors

8 Factorise the first two terms and the

last two terms

9 (x+ 3)is a factor of both terms

10 (x + 3) is a factor of both the
numerator and denominator so
cancels out as a value divided by
itself is 1

E. Completing the square

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions — factorising, solving, graphs and the

discriminants

Key points

e Completing the square for a quadratic rearranges ax? + bx + ¢ into the form p(x + g)? + r
e [fa#1,then factorise using a as a common factor.

Examples

Example 1  Complete the square for the quadratic expression x> + 6x — 2

x>+ 6x—2
—(x+3)2-9-2
= +3P-11

1 Write x* + bx + ¢ in the form

BEE

2 Simplify

Example 2 Write 2x*> — 5x + 1 in the form p(x + g)* + r

31
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232 —5x+1

Before completing the square write
ax? + bx + ¢ in the form

al x +—x |+c
a
Now complete the square by writing

x2 —%x in the form

Expand the square brackets — don’t
2
forget to multiply (%J by the

factor of 2

Simplify
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F. Solving quadratic equations

A LEVEL LINKS

Scheme of work: 1b. Quadratic functions —factorising, solving, graphs and the

discriminants

Key points

e Aquadratic equation is an equation in the form ax? + bx + ¢ = 0 where a # 0.
e To factorise a quadratic equation find two numbers whose sum is b and whose products

is ac.

o When the product of two numbers is 0, then at least one of the numbers must be 0.
e |f aquadratic can be solved it will have two solutions (these may be equal).

Examples

Example 1  Solve 5x* = 15x

5x?=15x
5x2—15x=0
Sx(x—3)=0

So5x=0or(x—3)=0

Therefore x=0orx=23

Rearrange the equation so that all of
the terms are on one side of the
equation and it is equal to zero.

Do not divide both sides by x as this
would lose the solution x = 0.
Factorise the quadratic equation.

Sx is a common factor.

When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.

Example2  Solve x>+ 7x+12=0

33

X*+Tx+12=0
b=7,ac=12
X+4x+3x+12=0
x(x+4)+3(x+4)=0
x+4Hx+3)=0

So(x+4)=0o0or(x+3)=0

Therefore x =—4 or x =3

Factorise the quadratic equation.
Work out the two factors of ac = 12
which add to give you b =7.

(4 and 3)

Rewrite the b term (7x) using these
two factors.

Factorise the first two terms and the
last two terms.

(x + 4) is a factor of both terms.
When two values multiply to make
zero, at least one of the values must
be zero.

Solve these two equations.
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Example3  Solve 9x* - 16=0
9x2—16=0 1 Factorise the quadratic equation.
Bx+4H)Bx-4)=0 This is the difference of two squares
as the two terms are (3x)* and (4).
So(Bx+4)=00r(3x—-4)=0 2 When two values multiply to make
zero, at least one of the values must
B 4 be zero.
r= 3 or x= 3 3 Solve these two equations.
Example4  Solve 2x* —5x—12=0
b=-5,ac=-24 1 Factorise the quadratic equation.
Work out the two factors of ac = —24
which add to give you b =—5.
(-8 and 3)
So2x*—=8x+3x—12=0 2 Rewrite the b term (—5x) using these
two factors.
2x(x—4)+3(x—4)=0 3 Factorise the first two terms and the
last two terms.
x—42x+3)=0 4 (x—4)is a factor of both terms.
So(x—4)=0o0r(2x+3)=0 5 When two values multiply to make
zero, at least one of the values must
_4 3 be zero.
X=aorx= ) 6 Solve these two equations.
Key points
e Completing the square lets you write a quadratic equation in the form p(x + g)> + r=0.
Examples
Example 5  Solve x> + 6x + 4 = 0. Give your solutions in surd form.

34

X +6x+4=0

(x+3)*-9+4=0

(x+3)Y’-5=0
(x+3)*=5
x+3=i\/§

X = i\/§—3
Sox= —\/5—3 or x = \/5—3

1 Write x2 + bx + ¢ = 0 in the form

e

Simplify.

3 Rearrange the equation to work out
x. First, add 5 to both sides.

4 Square root both sides.
Remember that the square root of a
value gives two answers.

5 Subtract 3 from both sides to solve
the equation.

6 Write down both solutions.

(]
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Example 6  Solve 2x*> — 7x + 4 = 0. Give your solutions in surd form.

22 =Tx+4=0 1 Before completing the square write

35

2(;& —%xj+4 =0

1,7
4 4
x:iﬁ.ﬁrz
4 4
7 J17 7 17
So x=—- or x=—+——
4 4 4

ax?® + bx + ¢ in the form
, b
al x*+=x |+¢
a

Now complete the square by writing

x° —%x in the form
(2
x+— | —-| —
2a 2a
Expand the square brackets.

Simplify.

(continued on next page)

Rearrange the equation to work out

x. First, add % to both sides.

Divide both sides by 2.

Square root both sides. Remember
that the square root of a value gives
two answers.

Add % to both sides.

Write down both the solutions.
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Key points

e Any quadratic equation of the form ax? + bx + ¢ = 0 can be solved using the formula

o —b+b* —4ac
2a
e If b?>-4ac is negative then the quadratic equation does not have any real solutions.

o |tis useful to write down the formula before substituting the values for a, b and c.

Examples

Example 7 Solve x> + 6x + 4 = 0. Give your solutions in surd form.

a=1,b=6,c=4 1 Identify a, b and c and write down
b+ Ib? _ 4ac the formula.
o 2a Remember that —b ++/b* —4ac is
all over 2a, not just part of it.
[ 2 Substitute a =1, b= 6, c =4 into the
—6+ 2 — s s
xX= 6246 —4D® formula.
2()
—6++20 3 Simplify. The denominator is 2, but
X = 5, this is only because a = 1. The
denominator will not always be 2.
L6245 4 Simplify v/20.
2 \/%=V4x5=\/1x\/§=2\/§
x=-3++5 5 Simplify by dividing numerator and
denominator by 2.
So x=-3-+/5 or x=+/5-3 6 Write down both the solutions.

Example 8  Solve 3x> — 7x — 2 = 0. Give your solutions in surd form.

a=3,b=-T7,c=-2 1 Identify a, b and ¢, making sure you
b+~ —4ac get the signs right and write down
x= _2— the formula.
a
Remember that —b +b* —4ac is
all over 2a, not just part of it.
2
x = —(=7+ \/(_7) —46)(=2) 2 Substitute a =3, b=-7,c=—2 into
2(3) the formula.
7+73 3 Simplify. The denominator is 6
X = 5 when a = 3. A common mistake is
to always write a denominator of 2.
7

So x= Write down both the solutions.

)

(98]
\]
+

N
)
(98]

£~

36
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G. Solving linear simultaneous
equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Two equations are simultaneous when they are both true at the same time.

e Solving simultaneous linear equations in two unknowns involves finding the value of
each unknown which works for both equations.

e Make sure that the coefficient of one of the unknowns is the same in both equations.

e Eliminate this equal unknown by either subtracting or adding the two equations.

Examples
Example 1  Solve the simultaneous equations 3x +y=5andx+y =1
3x+y=5 1 Subtract the second equation from
- xty=1 the first equation to eliminate the y
2x =4 term.
Sox=2
Usingx+y=1 2 To find the value of y, substitute
2+y=1 x = 2 into one of the original
Soy=-1 equations.
Check: 3 Substitute the values of x and y into
equation 1: 3 x 2+ (=1)=5 YES both equations to check your
equation 2: 2 + (—1)=1 YES answers.

Example 2 Solve x + 2y = 13 and 5x — 2y = 5 simultaneously.
x+2y=13 1 Add the two equations together to
+ 5x—-2y=5 eliminate the y term.
6x =18
Sox=3

37

Using x + 2y =13
3+2y=13
Soy=5

Check:
equation 1: 3+2 x5=13 YES
equation2: 5x3—-2x5=5 YES

To find the value of y, substitute
x =3 into one of the original
equations.

Substitute the values of x and y into
both equations to check your
answers.
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Example 3 Solve 2x + 3y = 2 and 5x + 4y = 12 simultaneously.
2x+3y=2)x4 — 8x+12y= 8 | 1 Multiply the first equation by 4 and
5x+4y=12)x3—> 15x+12y=36 the second equation by 3 to make
Tx = 28 the coefficient of y the same for
both equations. Then subtract the

Sox=4 first equation from the second

equation to eliminate the y term.

Using 2x + 3y =2 2 To find the value of y, substitute

2x4+3y=2 x =4 into one of the original

Soy=-2 equations.

Check: 3 Substitute the values of x and y into
equation 1: 2 x 4+3 x(-2)=2 YES both equations to check your
equation 2: 5 x4+ 4 x (-2)=12 YES answers.

Key points

Examples

Example 4

39

The subsitution method is the method most commonly used for A level. This is because
itis the method used to solve linear and quadratic simultaneous equations.

Solve the simultaneous equations y =2x + 1 and 5x + 3y = 14

Sx+3Q2x+1)=14

S5x+6x+3=14
1lx+3=14
1lx=11
Sox=1

Using y=2x+ 1

y=2x1+1
Soy=3
Check:
equation 1: 3=2x1+1 YES

equation2: 5x 1 +3 x3=14 YES

1 Substitute 2x + 1 for y into the
second equation.
2 Expand the brackets and simplify.

3 Work out the value of x.

4 To find the value of y, substitute
x =1 into one of the original
equations.

5 Substitute the values of x and y into
both equations to check your
answers.
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Example S  Solve 2x — y =16 and 4x + 3y = —3 simultaneously.

y=2x-16 1 Rearrange the first equation.
4x+3(2x—16)=-3 2 Substitute 2x — 16 for y into the
second equation.

4x +6x —48=-3 3 Expand the brackets and simplify.

10x — 48 =-3

10x =45 4 Work out the value of x.

Sox=41

Using y = 2x = 116 5 To find the value of y, substitute
y=2x45-16 x = 47 into one of the original

Soy=-7 equations.

Check5 ] 6 Substitute the values of x and y into

equation 1: 2 x 45 —(-7)=16  YES both equations to check your

equation 2: 4 x 44 +3 x (=7)=-3 YES answers.

H. Linearinequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities — linear and quadratic (including graphical solutions)

Key points

e Solving linear inequalities uses similar methods to those for solving linear equations.
e When you multiply or divide an inequality by a negative number you need to reverse the
inequality sign, e.g. <becomes >.

Examples

Example1 Solve -8 <4x <16

—8<4x<16 Divide all three terms by 4.
—2<x <4

Example2 Solve 4 <5x<10

<5x<10 Divide all three terms by 5.

Example 3 Solve 2x —5<7

2x—5<7 1 Add 5 to both sides.
2x <12 2 Divide both sides by 2.
x<6

40
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Example4  Solve 2 —5x>-8

2-5x>-8 1 Subtract 2 from both sides.
—5x>-10 2 Divide both sides by —5.
x<2 Remember to reverse the inequality
when dividing by a negative
number.
Example 5  Solve 4(x — 2) > 3(9 — x)
4x—2)>309—-x) 1 Expand the brackets.
4x —8>27—3x 2 Add 3x to both sides.
Tx —8>27 3 Add 8 to both sides.
7x>35 4 Divide both sides by 7.
x>5

l. Straight line graphs

A LEVEL LINKS

Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points
e Astraight line has the equation y = mx + ¢, where m s Y (e, y,)
the gradient and c is the y-intercept (where x = 0).
e The equation of a straight line can be written in the y gradient m = ii:ij
form ax + by + ¢ =0, where a, b and ¢ are integers. yomete
o When given the coordinates (x1, y1) and (xz, y») of two o )
points on a line the gradient is calculated using the (o v)

formula m = 2221

Xy =X

Examples

Example 1 A straight line has gradient —% and y-intercept 3.

Write the equation of the line in the form ax + by + ¢ =0.

41
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m= 1 andc=3
2
Soy= —%x+3

%x+yf3=0

x+2y—6=0

A straight line has equation

y = mx + c. Substitute the gradient
and y-intercept given in the question
into this equation.

Rearrange the equation so all the
terms are on one side and 0 is on
the other side.

Multiply both sides by 2 to
eliminate the denominator.

Example 2  Find the gradient and the y-intercept of the line with the equation 3y —2x + 4 = 0.

3y—2x+4=0

3y=2x—4
—2x—4

Y 3 3

2
Gradient=m = E

y-intercept = ¢ = 3

1

2

Make y the subject of the equation.
Divide all the terms by three to get
the equation in the form y = ...

In the form y = mx + ¢, the gradient
is m and the y-intercept is c.

Example 3  Find the equation of the line which passes through the point (5, 13) and has gradient 3.

m=3
y=3x+c
13=3x5+c¢
13=15+c¢
c=-2
y=3x-2

Substitute the gradient given in the
question into the equation of a
straight line y = mx + c.

Substitute the coordinates x = 5 and
y =13 into the equation.

Simplify and solve the equation.

Substitute ¢ = —2 into the equation
y=3x+c

Example 4 Find the equation of the line passing through the points with coordinates (2, 4) and (8, 7).

42
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x=2,x=8,y=4and y,=7

m:yz_y] :—7_4232l
X, —x 8- 6 2
—lx+c
Y 2
1
4=—x2+c
2
c=3
1
=—x+3
Y 2

Substitute the coordinates into the

27N to work out

Xy =X

equation m =

the gradient of the line.

Substitute the gradient into the
equation of a straight line
y=mx+tc.
Substitute the coordinates of either
point into the equation.

Simplify and solve the equation.

Substitute ¢ = 3 into the equation

1
y==—x+c

43
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J. Pythagoras’theorem

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e In aright-angled triangle the longest side is called the
hypotenuse. ¢

e Pythagoras’ theorem states that for a right-angled triangle
the square of the hypotenuse is equal to the sum of the

squares of the other two sides. b
A=a’+ b
Examples
Example 1 Calculate the length of the hypotenuse. X
Give your answer to 3 significant figures. Scm
8cm

c=a+ b 1 Always start by stating the formula

for Pythagoras’ theorem and
) X labelling the hypotenuse ¢ and the
Jemiag € other two sides a and b.
- b
8cm

xX*=5+8 2 Substitute the values of @, b and ¢

x> =25+ 64 into the formula for Pythagoras'

x> =89 theorem.

x=~/89 3 Use a calculator to find the square
root.

¥ =9433981 13... 4 Round your answer to 3. sign'iﬁcant

¥ =943 cm figures and write the units with your
answer.

Example 2  Calculate the length x.
Give your answer in surd form.

10 cm

44
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A=a*+b? 1 Always start by stating the formula
for Pythagoras' theorem.
102 = x* + 42 2 Substitute the values of a, b and ¢
100 =x*+ 16 into the formula for Pythagoras'
x* =84 theorem.
x=8e 3 Simplify th d wh ibl
_ 1mplity the surd where possible
x=221 em and write the units in your answer.

K. Trigonometry in right-angled triangles

A LEVEL LINKS
Scheme of work: 4a. Trigonometric ratios and graphs

Key points

e Inaright-angled triangle:

o the side opposite the right angle is called the hypotenusgposite
o the side opposite the angle 8 is called the opposite
o the side next to the angle 6 is called the adjacent.

hypotenuse

adjacent

e |naright-angled triangle:

o the ratio of the opposite side to the hypotenuse is the sine of angle 6, sinf = PP

hyp
o theratio of the adjacent side to the hypotenuse is the cosine of angle 6, cosﬁzs—ji
o theratio of the opposite side to the adjacent side is the tangent of angle 0,
tan§ = 222
adj

e |f the lengths of two sides of a right-angled triangle are given, you can find a missing

angle using the inverse trigonometric functions: sin™’, cos™, tan™.

e The sine, cosine and tangent of some angles may be written exactly.

30° 45° 60° 90°
sin 3 % @ 1
cos 1 @ @ 3 0
tan | 0 [ L | 1 | 3
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Examples

Example 1 Calculate the length of side x.
Give your answer correct to 3 significant figures.

cos25°= ﬁ
X

6
X =
cos25°

x=6.6202675...

X =6.62cm

Always start by labelling the sides.

You are given the adjacent and the
hypotenuse so use the cosine ratio.

Substitute the sides and angle into
the cosine ratio.

Rearrange to make x the subject.

Use your calculator to work out

6 + cos 25°.

Round your answer to 3 significant
figures and write the units in your
answer.

Example 2  Calculate the size of angle x.

Give your answer correct to 3 significant figures.

45cm

4.5¢cm
tanf = ﬂ
adj
3
tanx = —
4.5

x=tan! (ij
4.5

x=33.6900675...

x=33.7°

Always start by labelling the sides.

You are given the opposite and the
adjacent so use the tangent ratio.

Substitute the sides and angle into
the tangent ratio.

Use tan™! to find the angle.

Use your calculator to work out
tan"!(3 + 4.5).

Round your answer to 3 significant
figures and write the units in your
answer.
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Example 3

47

Calculate the exact size of angle x.

Viem

1 Always start by labelling the sides.

2 You are given the opposite and the
adjacent so use the tangent ratio.

3 Substitute the sides and angle into
the tangent ratio.

4 Use the table from the key points to
find the angle.
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Key points

e gisthe side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

e You can use the cosine rule to find

the length of a

side when two sides and the included angle are given.
e To calculate an unknown side use the formula a* = b*> + ¢ —2bccos A4 .

e Alternatively, you can use the cosine rule to find an unknown angle if the lengths of all

three sides are given.

B2 +c?—a>
e To calculate an unknown angle use the formula cos 4 :#.
c
Examples
Y
Example 4 Work out the length of side w.
Give your answer correct to 3 significant figures. o W
45°
X 8cm

A
X
a’> =b*>+c* —2bccos A

w? =824+ 7% —2x8x7xcos45°

w? =33.804 040 51...

w= ,/33.80404051

w=5.81cm

Always start by labelling the angles
and sides.

Write the cosine rule to find the
side.

Substitute the values a, b and 4 into
the formula.

Use a calculator to find w? and

then w.

Round your final answer to 3
significant figures and write the
units in your answer.
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Example 5

Work out the size of angle 6.
Give your answer correct to 1 decimal place.

15cm

Q 10cm

¥ B
15cm
T7emN\° a
g b
Ag 10 cm /R;
b+t -d’
cosA=
2bc
cosd— 10° +7° -15°
2x10x7
cosl9=_—76
140

0=122.878 349...

0=122.9°

Always start by labelling the angles
and sides.

Write the cosine rule to find the
angle.

Substitute the values a, b and ¢ into
the formula.

Use cos™! to find the angle.

Use your calculator to work out

cos (=76 + 140).

Round your answer to 1 decimal
place and write the units in your
answer.
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Key points

ais the side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

C - B

You can use the sine rule to find the length of a side when its opposite angle and another
opposite side and angle are given.
To calculate an unknown side use the formula —4— — b < .

sind sinB sinC
Alternatively, you can use the sine rule to find an unknown angle if the opposite side and
another opposite side and angle are given.

To calculate an unknown angle use the formula sin 4 = sin B = sinC .

a b c

Examples

Example 6 Work out the length of side x.

50

Give your answer correct to 3 significant figures.

1 Always start by labelling the angles
and sides.

— = .b 2 Write the sine rule to find the side.
sin4 sinB
Y 10 3 Substitute the values a, b, 4 and B
sin36°  sin75° into the formula.
10 xsin36° .
X=—— 4 Rearrange to make x the subject.
sin75
Y =6.09cm 5 Round your answer to 3. mgmﬁcant
figures and write the units in your
answer.
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Example 7  Work out the size of angle 6. 120
. . 8 cm
Give your answer correct to 1 decimal place.
g
14 cm
1 Always start by labelling the angles
and sides.
sind _sinB 2 Write the sine rule to find the angle.
a b
sin@ sinl127° 3 Substitute the values a, b, 4 and B
RY into the formula.
sin g = 3xsin127° 4 Rearrange to make sin 6 the subject.
_ o 14 5 Use sin! to find the angle. Round
0=272 :
your answer to 1 decimal place and
write the units in your answer.
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Key points

ais the side opposite angle A.
b is the side opposite angle B.
c is the side opposite angle C.

The area of the triangle is %ab sinC .

Examples

Example 8

52

Find the area of the triangle.

Scm

5em
ER
8 cm

Area = %ab sinC

Area=19.805361...

Area = 19.8 cm?

Area = %xSxstinSZO

Always start by labelling the sides
and angles of the triangle.

State the formula for the area of a
triangle.

Substitute the values of a, b and C
into the formula for the area of a
triangle.

Use a calculator to find the area.

Round your answer to 3 significant
figures and write the units in your
answer.
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L. Rearranging equations

A LEVEL LINKS
Scheme of work: 6a. Definition, differentiating polynomials, second derivatives
Textbook: Pure Year 1, 12.1 Gradients of curves

Key points

e To change the subject of a formula, get the terms containing the subject on one side and
everything else on the other side.
e You may need to factorise the terms containing the new subject.

Examples

Example 1

Make ¢ the subject of the formula v =u + at.

v=u-+t+at
v—u=at
vV—u
t:
a

Get the terms containing # on one
side and everything else on the other
side.

Divide throughout by a.

Example 2

Make ¢ the subject of the formula » = 2¢ — zz.

r=2t—mt
r=t2-m
r
=
2-7

All the terms containing ¢ are
already on one side and everything
else is on the other side.

Factorise as ¢ is a common factor.

Divide throughout by 2 — 7.

Example 3

Make ¢ the subject of the formula

t+r_2
5

H—r_z
5 2

2t+2r=15¢
2r=13¢

_or
13

t

Remove the fractions first by
multiplying throughout by 10.

Get the terms containing ¢ on one
side and everything else on the other
side and simplify.

Divide throughout by 13.
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. 3t+5
Example 4 Make ¢ the subject of the formula 7 = .
3t+5 1 Remove the fraction first by
r= —1 multiplying throughout by 7 — 1.
nt—1)=3t+5 2 Expand the brackets.
rt—r=3t+5 3 Get the terms containing ¢ on one
H—3f=5+r side and everything else on the other
side.
tr—=3)=5+r 4 Factorise the LHS as ¢ is a common
54 factor.
t= d 5 Divide throughout by » — 3.
r-=3

M Sketching quadratic graphs

A LEVEL LINKS
Scheme of work: 1b. Quadratic functions —factorising, solving, graphs and the
discriminants

Key points

e The graph of the quadratic function
y=ax*>+bx+c,wherea#0,is acurve
called a parabola.
e Parabolas have a line of symmetry and
a shape as shown.
e To sketch the graph of a function, find the points where the graph intersects the axes.

fora>0 fora<o0

o To find where the curve intersects the y-axis substitute x = 0 into the function.

o To find where the curve intersects the x-axis substitute y = 0 into the function.

e Atthe turning points of a graph the gradient of the curve is 0 and any tangents to the
curve at these points are horizontal.

o Tofind the coordinates of the maximum or minimum point (turning points) of a quadratic
curve (parabola) you can use the completed square form of the function.

Examples

Example 1  Sketch the graph of y = x2.
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Example 2

55

=Y

0

The graph of y = x? is a parabola.

\J

Whenx=0,y=0.

a =1 which is greater
than zero, so the graph
has the shape:

Sketch the graph of y = x* — x — 6.

Whenx=0,y=0>-0—-6=-6

So the graph intersects the y-axis at
(0,-6)

Wheny=0,x>—x—6=0
x+2)(x—3)=0

x=—2orx=3

So,

the graph intersects the x-axis at (—2, 0)
and (3, 0)

1Yy 1
When (x——j =0, x=— and
2 2

25 . L
y= e so the turning point is at the

oint l—é
p > 2

-6

1 Find where the graph intersects the
y-axis by substituting x = 0.

2 Find where the graph intersects the
x-axis by substituting y = 0.

3 Solve the equation by factorising.

4 Solve(x+2)=0and (x—3)=0.

\

(continued on next page)

5 a =1 which is greater
than zero, so the graph
has the shape:

6 To find the turning point, complete
the square.

7 The turning point is the minimum
value for this expression and occurs
when the term in the bracket is
equal to zero.
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N Solving linear and quadratic
simultaneous equations

A LEVEL LINKS
Scheme of work: 1c. Equations — quadratic/linear simultaneous

Key points

e Make one of the unknowns the subject of the linear equation (rearranging where
necessary).

e Use the linear equation to substitute into the quadratic equation.

e There are usually two pairs of solutions.

Examples
Example 1  Solve the simultaneous equations y = x + 1 and x* +)? = 13
X+ (x+1)Y2=13 1 Substitute x + 1 for y into the second
equation.
XH+x*+x+x+1=13 2 Expand the brackets and simplify.
2x*+2x+1=13
2x*+2x—12=0 3 Factorise the quadratic equation.
2x—4)(x+3)=0
Sox=2orx=-3 4 Work out the values of x.
Usingy=x+1 5 To find the value of y, substitute
Whenx=2,y=2+1=3 both values of x into one of the
Whenx=-3,y=-3+1=-2 original equations.
So the solutions are
x=2,y=3 and x=-3,y=-2
Check: 6 Substitute both pairs of values of x
equation 1: 3=2+1 YES and y into both equations to check
and 2=-3+1 YES your answers.
equation 2: 22+ 32=13 YES
and (-3)*+(-2)*=13 YES
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Example 2

57

Solve 2x + 3y = 5 and 2)” + xy = 12 simultaneously.

5-3y
2

2y2+(§%;zjy=12

2
2 VT3 g,

2y 3

4y* +5y-3y* =24
Y +5y-24=0
+8)(y—3)=0

Soy=—8ory=3

Using 2x + 3y =15
Wheny=-8, 2x+3x(=8)=5, x=14.5
Wheny=3, 2x+3x3=5, x=-2

So the solutions are
x=14.5, y=-8 and x=-2,y=3

Check:

equation 1: 2 x 145+ 3 x(-8)=5 YES
and 2 x(-2)+3x3=5 YES

equation 2: 2x(—8)> + 14.5%(-8) = 12 YES
and 2 x(3)2+(-2)x3=12 YES

1 Rearrange the first equation.

5-3y

Substitute for x into the

second equation. Notice how it is
easier to substitute for x than for y.

Expand the brackets and simplify.

Factorise the quadratic equation.

Work out the values of y.

To find the value of x, substitute
both values of y into one of the
original equations.

Substitute both pairs of values of x
and y into both equations to check
your answers.
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O Quadratic inequalities

A LEVEL LINKS
Scheme of work: 1d. Inequalities - linear and quadratic (including graphical solutions)

Key points
e Firstreplace the inequality sign by = and solve the quadratic equation.
e Sketch the graph of the quadratic function.
e Use the graph to find the values which satisfy the quadratic inequality.

Examples

Example 1 Find the set of values of x which satisfy x> + 5x + 6 >0

xX*+5x+6=0 1 Solve the quadratic equation by
(x+3)(x+2)=0 factorising.
x=-3o0rx=-2

It is above the x-axis 2 Sketch the graph of
wherex? +5x +6=0 ¥ y=@+3)(x+2)

3 Identify on the graph where
x> +5x+6>0,i.e where y>0

Y

-N_AL2 O
This part of the graph is
not needed as this is
wherex*+ 5x + 6 <0

4 Write down the values which satisfy

x<-3orx>-2 the inequality x> + 5x + 6> 0

Example 2 Find the set of values of x which satisfy x> — 5x <0

xX*=5x=0 1 Solve the quadratic equation by
X(x-5)=0 factorising.
x=0orx=5

y 2 Sketch the graph of y = x(x — 5)

3 Identify on the graph where
x?—5x<0,i.e. where y<0

4 Write down the values which satisfy
the inequality x* — 5x <0
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Example 3 Find the set of values of x which satisfy —x?> —3x + 10> 0

~x*=3x+10=0 1 Solve the quadratic equation by
(—x+2)(x+5)=0 factorising.
x=2orx=-5

'

2 Sketch the graph of
y=(x+ 2 +5)=0

3 Identify on the graph where
—x*=3x+10>0, i.e. where y >0

—5<x<L2 3 Write down the values which satisfy
the inequality —x* —3x+ 10> 0

P Sketching cubic and reciprocal graphs

A LEVEL LINKS
Scheme of work: 1e. Graphs — cubic, quartic and reciprocal

Key points

e The graph of a cubic function, fora<0
which can be written in the
fora=0

formy=ax®+bx*>+cx+d,
where a # 0, has one of the y

shapes shown here. qua y=—x\
/0 x 0\ ~

special case:a = 1 special case: a = —1

Ly U
e The graph of a reciprocal foras 0 .
function of the form y = a4

.x oy O =

0 x
has one of the shapes shown
here.
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To sketch the graph of a function, find the points where the graph intersects the axes.
To find where the curve intersects the y-axis substitute x = 0 into the function.

To find where the curve intersects the x-axis substitute y = 0 into the function.

Where appropriate, mark and label the asymptotes on the graph.

Asymptotes are lines (usually horizontal or vertical) which the curve gets closer to but
never touches or crosses. Asymptotes usually occur with reciprocal functions. For

example, the asymptotes for the graph of y = 4 are the two axes (thelinesy=0and x =
X

0).

At the turning points of a graph the gradient of the curve is 0 and any tangents to the
curve at these points are horizontal.

A double root is when two of the solutions are equal. For example (x - 3)?(x + 2) has a
double root at x = 3.

When there is a double root, this is one of the turning points of a cubic function.

Examples

Example 1 Sketch the graph of y = (x — 3)(x — 1)(x + 2)

60

To sketch a cubic curve find intersects with both axes and use the key points above
for the correct shape.

Whenx=0,y=(0—-3)(0—-1)(0+2) 1 Find where the graph intersects the
=(=3)x(-1)x2=6 axes by substituting x =0 and y = 0.
The graph intersects the y-axis at (0, 6) Make sure you get the coordinates
the right way around, (x, y).
Wheny=0,(x—3)x—1)(x+2)=0 2 Solve the equation by solving
Sox=3,x=1lorx=-2 x—3=0,x—1=0andx+2=0

The graph intersects the x-axis at
(=2,0), (1,0) and (3, 0)
y
A 3 Sketch the graph.
a =1> 0 so the graph has the shape:

f2 o M x fora =0
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Example 2

Sketch the graph of y = (x +2)*(x — 1)

To sketch a cubic curve find intersects with both axes and use the key points above

for the correct shape.

Whenx=0,y=(0+2)*(0—1)
=22x(-1)=—4
The graph intersects the y-axis at (0, —4)

Wheny =0, (x +2)’(x—1)=0
Sox=-2orx=1

(—2,0) is a turning pointas x =—2 is a
double root.
The graph crosses the x-axis at (1, 0)

La

A

1 Find where the graph intersects the
axes by substituting x =0 and y = 0.

2 Solve the equation by solving

x+2=0andx—1=0

3 a=1>0 so the graph has the shape:

fora=0

Q Translating graphs

A LEVEL LINKS
Scheme of work: 1f. Transformations — transforming graphs - f(x) notation

Key points

e Thetransformationy=f(x)*aisa
translation of y = f(x) parallel to the y-

axis; itis

a vertical translation.

As shown on the graph,
o y=f(x)+atranslates y =f(x) up

o y=f(x)

- a translates y = f(x) down.

e Thetransformationy=f(x +a)isa
translation of y = f(x) parallel to the x-

axis; itis

a horizontal translation.

As shown on the graph,

61
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o y=f(x+ a)translates y = f(x) to the left
o y=f(x-a)translates y =f(x) to the right.

Examples

Example 1

The graph shows the function y = f(x).

Sketch the graph of y = f(x) + 2.

y="flx) +2

y = flx)

o

For the function y = f(x) + 2 translate
the function y = f(x) 2 units up.

Example 2

The graph shows the function y = f(x).

Sketch the graph of y = f(x — 3).

y=1k)

—-20

La

y = f(x)

y = flx — 3)

50

For the function y = f(x — 3) translate
the function y = f(x) 3 units right.
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Stretching graphs

A LEVEL LINKS

Scheme of work: 1f. Transformations — transforming graphs - f(x) notation

Textbook: Pure Year 1, 4.6 Stretching graphs

Key points

63

The transformation y =f(ax) is a
horizontal stretch of y = f(x) with scale

factor 1 parallel to the x-axis.
a

The transformation y = f(-ax) is a
horizontal stretch of y = f(x) with scale

factor ! parallel to the x-axis and then a
a

reflection in the y-axis.

The transformation y = af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis.

The transformation y = —af(x) is a vertical
stretch of y = f(x) with scale factor a
parallel to the y-axis and then a
reflection in the x-axis.
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Examples
Example 3 The graph shows the function y = f(x).

Sketch and label the graphs of
y =2f(x) and y = —f{(x).

—

— 1882, —90° 90° | 180° %

ot y = 2f(x) The function y = 2f(x) is a vertical
2 PN stretch of y = f(x) with scale
o~ S —H,_ﬁ\ factor 2 parallel to the y-axis.
" X - . The function y =—f(x) is a
1 \ = 9;7 { 90°_A180° 7 reflection of y = f(x) in the
= ) N /_2 y =|—f(x) x-axis.
Example 4  The graph shows the function y = f(x). r
Sketch and label the graphs of . y = flx)
y = 1(2x) and y = f(-x). ' Sl
o o o n=.‘4:
— 188 —90°, ; 90° | 180

oA
27y 5 T2
4 Y u = flx)
L i A
g
~1B0e ¢ LI 9 0°
y = f(—)
=2

The function y = f(2x) is a horizontal
stretch of y = f(x) with scale factor

% parallel to the x-axis.

The function y = f(—x) is a reflection
of y = f(x) in the y-axis.
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R Parallel and perpendicular lines

A LEVEL LINKS
Scheme of work: 2a. Straight-line graphs, parallel/perpendicular, length and area problems

Key points

e When lines are parallel they have the
same gradient.
e Aline perpendicular to the line with

equation y = mx + c has gradient —l.
m

Examples

Example 1

Example 2

65

y
\ o — gradient = —%
> perpendicular
lines
/ ’ \x
parallel lines
gradient = m

Find the equation of the line parallel to y = 2x + 4 which passes through

the point (4, 9).

y=2x+4
m=2
y=2x+c
9=2x4+c
9=8+c
c=1
y=2x+1

1 As the lines are parallel they have
the same gradient.

2 Substitute m = 2 into the equation of
a straight line y = mx + c.

3 Substitute the coordinates into the
equation y =2x + ¢

4 Simplify and solve the equation.

5 Substitute ¢ = 1 into the equation
y=2x+c

Find the equation of the line perpendicular to y = 2x — 3 which passes through

the point (-2, 5).

y=2x—3
m=2
11

m 2
y=—1x+c

2
5:—lka+c

2
5=1+c
c=4

1
y——§x+4

1 As the lines are perpendicular, the
gradient of the perpendicular line
1

is ——.
m

1
2 Substitute m = Y into y = mx + c.
3 Substitute the coordinates (-2, 5)
: . 1
into the equation y = —Ex +c

4 Simplify and solve the equation.

. 1
5 Substitute c =4 into y = —§x+c .
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Example 3 A line passes through the points (0, 5) and (9, —1).
Find the equation of the line which is perpendicular to the line and passes through

66

its midpoint.

x=0,x=9,y=5and y,=-1
m:yz_y1:_1_5
X, —-x 9-0
_6_ 2
9 3
1.3
m 2
—ix+c
4 2
2 2 2
2:§x2+c
2 2
19
c=——
4
3.0
YT

Substitute the coordinates into the

DTN to work out

X=X

equation m =
the gradient of the line.

As the lines are perpendicular, the
gradient of the perpendicular line
1
is ——.
m
Substitute the gradient into the

equation y = mx + c.

Work out the coordinates of the
midpoint of the line.

Substitute the coordinates of the
midpoint into the equation.

Simplify and solve the equation.

: 19 . .
Substitute ¢ = vy into the equation

—§x+c
y 7 .




